
MTH 166

Lecture-19

Separation of variables solution of 
Partial Differential Equations



Topic:

Solution of Partial Differential Equations 

Learning Outcomes:

1. To solve first order PDE using separation of variables solution. 

2. To find nature of Heat, Wave and Laplace equation.



Find the separation of variables solution of following PDE:

Problem 1.
𝝏𝒖

𝝏𝒙
=

𝝏𝒖

𝝏𝒚

Solution. The given equation is: 
𝜕𝑢

𝜕𝑥
=

𝜕𝑢

𝜕𝑦
(1)

Let solution be: 𝑢 𝑥, 𝑦 = 𝑋𝑌 (2)       where 𝑋 = 𝑓 𝑥 , 𝑌 = 𝑔(𝑦)

⇒
𝜕𝑢

𝜕𝑥
= 𝑋′𝑌 and     

𝜕𝑢

𝜕𝑦
= 𝑋𝑌′

Equation (1) becomes: 𝑋′𝑌 = 𝑋𝑌′

⇒
𝑋′

𝑋
=

𝑌′

𝑌
= 𝑘 (Say)

Taking these pairs one by one

⇒
𝑋′

𝑋
= 𝑘



⇒ ׬
𝑋′

𝑋
𝑑𝑥 = 𝑘 𝑑𝑥׬

⇒ log𝑋 = 𝑘𝑥 + 𝑐1

⇒ 𝑋 = 𝑒 𝑘𝑥+𝑐1

also 
𝑌′

𝑌
= 𝑘

⇒ ׬
𝑌′

𝑌
𝑑𝑦 = 𝑘 𝑑𝑦׬

⇒ log 𝑌 = 𝑘𝑦 + 𝑐2

⇒ 𝑌 = 𝑒 𝑘𝑦+𝑐2

Required solution is: 𝑢 𝑥, 𝑦 = 𝑋𝑌 = 𝑒 𝑘𝑥+𝑐1 𝑒 𝑘𝑦+𝑐2 = 𝑒 𝑐1+𝑐2 𝑒𝑘(𝑥+𝑦)

⇒ 𝑢 𝑥, 𝑦 = 𝐴𝑒𝑘(𝑥+𝑦) Answer.                                     (𝐴 = 𝑒 𝑐1+𝑐2 )



Find the separation of variables solution of following PDE:

Problem 2. 4
𝝏𝒖

𝝏𝒙
+ 𝟑

𝝏𝒖

𝝏𝒚
= 𝟎

Solution. The given equation is: 4
𝜕𝑢

𝜕𝑥
+ 3

𝜕𝑢

𝜕𝑦
= 0 (1)

Let solution be: 𝑢 𝑥, 𝑦 = 𝑋𝑌 (2)       where 𝑋 = 𝑓 𝑥 , 𝑌 = 𝑔(𝑦)

⇒
𝜕𝑢

𝜕𝑥
= 𝑋′𝑌 and     

𝜕𝑢

𝜕𝑦
= 𝑋𝑌′

Equation (1) becomes: 4𝑋′𝑌 + 3𝑋𝑌′ = 0 ⇒ 4𝑋′𝑌 = −3𝑋𝑌′

⇒ 4
𝑋′

𝑋
= −3

𝑌′

𝑌
= 𝑘 (Say)

Taking these pairs one by one

⇒ 4
𝑋′

𝑋
= 𝑘



⇒ ׬
𝑋′

𝑋
𝑑𝑥 =

𝑘

4
𝑑𝑥׬

⇒ log𝑋 =
𝑘

4
𝑥 + 𝑐1

⇒ 𝑋 = 𝑒
𝑘

4
𝑥+𝑐1

also 
𝑌′

𝑌
= 𝑘

⇒ ׬
𝑌′

𝑌
𝑑𝑦 = −

𝑘

3
𝑑𝑦׬

⇒ log 𝑌 = −
𝑘

3
𝑦 + 𝑐2

⇒ 𝑌 = 𝑒
−
𝑘

3
𝑦+𝑐2

Required solution is: 𝑢 𝑥, 𝑦 = 𝑋𝑌 = 𝑒
𝑘

4
𝑥+𝑐1 𝑒

−
𝑘

3
𝑦+𝑐2 = 𝑒 𝑐1+𝑐2 𝑒𝑘(

1

4
𝑥−

1

3
𝑦)

⇒ 𝑢 𝑥, 𝑦 = 𝐴𝑒
𝑘

12
(3𝑥−4𝑦)

Answer.                                     (𝐴 = 𝑒 𝑐1+𝑐2 )



Find the separation of variables solution of following PDE:

Problem 3. y
𝝏𝒖

𝝏𝒙
+ 𝒙

𝝏𝒖

𝝏𝒚
= 𝟎

Solution. The given equation is: y
𝜕𝑢

𝜕𝑥
+ 𝑥

𝜕𝑢

𝜕𝑦
= 0 (1)

Let solution be: 𝑢 𝑥, 𝑦 = 𝑋𝑌 (2)       where 𝑋 = 𝑓 𝑥 , 𝑌 = 𝑔(𝑦)

⇒
𝜕𝑢

𝜕𝑥
= 𝑋′𝑌 and     

𝜕𝑢

𝜕𝑦
= 𝑋𝑌′

Equation (1) becomes: 𝑦𝑋′𝑌 + 𝑥𝑋𝑌′ = 0 ⇒ 𝑦𝑋′𝑌 = −𝑥𝑋𝑌′

⇒
1

𝑥

𝑋′

𝑋
= −

1

𝑦

𝑌′

𝑌
= 𝑘 (Say)

Taking these pairs one by one

⇒
1

𝑥

𝑋′

𝑋
= 𝑘



⇒ ׬
𝑋′

𝑋
𝑑𝑥 = 𝑘 𝑥𝑑𝑥׬

⇒ log𝑋 = 𝑘
𝑥2

2
+ 𝑐1

⇒ 𝑋 = 𝑒
𝑘
𝑥2

2
+𝑐1

also −
1

𝑦

𝑌′

𝑌
= 𝑘

⇒ ׬
𝑌′

𝑌
𝑑𝑦 = −𝑘 𝑦𝑑𝑦׬

⇒ log 𝑌 = −𝑘
𝑦2

2
+ 𝑐2

⇒ 𝑌 = 𝑒
−𝑘

𝑦2

2
+𝑐2

Required solution is: 𝑢 𝑥, 𝑦 = 𝑋𝑌 = 𝑒
𝑘
𝑥2

2
+𝑐1 𝑒

−𝑘
𝑦2

2
+𝑐2 = 𝑒 𝑐1+𝑐2 𝑒𝑘(

𝑥2

2
−
𝑦2

2
)

⇒ 𝑢 𝑥, 𝑦 = 𝐴𝑒
𝑘

2
(𝑥2−𝑦2)

Answer.                                     (𝐴 = 𝑒 𝑐1+𝑐2 )



Classification/Nature of Partial Differential Equations:

Let us consider a general second order homogeneous PDE:

A
𝜕2𝑢

𝜕𝑥2
+ 𝐵

𝜕2𝑢

𝜕𝑥𝜕𝑦
+ C

𝜕2𝑢

𝜕𝑦2
+ 𝐷

𝜕𝑢

𝜕𝑥
+ 𝐸

𝜕𝑢

𝜕𝑦
+ 𝐹𝑢 = 0 where  𝑢 = 𝑓(𝑥, 𝑦)

or

𝐴𝑢𝑥𝑥 + 𝐵𝑢𝑥𝑦 + 𝐶𝑢𝑦𝑦 + 𝐷𝑢𝑥 + 𝐸𝑢𝑦 + 𝐹𝑢 = 0 (1)

Equation (1) will be:

1. Hyperbolic iff 𝐵2 − 4𝐴𝐶 > 0

2. Parabolic iff 𝐵2 − 4𝐴𝐶 = 0

3. Elliptic iff 𝐵2 − 4𝐴𝐶 < 0

Note: Coefficients of second order partial derivatives only decide nature of PDE.



Classify the following PDE as Hyperbolic, Parabolic or Elliptic:

Problem 1.
𝝏𝟐𝒖

𝝏𝒙𝟐
+

𝝏𝟐𝒖

𝝏𝒚𝟐
= 𝟎 [2D-Laplace Equation]

Solution. Given equ. is:   𝑢𝑥𝑥 + 𝑢𝑦𝑦 = 0 (1)

Comparing with: 𝐴𝑢𝑥𝑥 + 𝐵𝑢𝑥𝑦 + 𝐶𝑢𝑦𝑦 + 𝐷𝑢𝑥 + 𝐸𝑢𝑦 + 𝐹𝑢 = 0

We have 𝐴 = 1, 𝐵 = 0, 𝐶 = 1

Here 𝐵2 − 4𝐴𝐶 = 0 2 − 4 1 1 = −4 < 0

So, Laplace equation (1) is Elliptic in nature.



Problem 2.
𝝏𝟐𝒖

𝝏𝒕𝟐
= 𝒄𝟐

𝝏𝟐𝒖

𝝏𝒙𝟐
[1D-Wave Equation]; 𝒄𝟐 is Diffusivity constant.

Solution. Given equ. is:    𝑐2 𝑢𝑥𝑥 − 𝑢𝑡𝑡 = 0 (1)

Comparing with: 𝐴𝑢𝑥𝑥 + 𝐵𝑢𝑥𝑡 + 𝐶𝑢𝑡𝑡 + 𝐷𝑢𝑥 + 𝐸𝑢𝑡 + 𝐹𝑢 = 0

We have 𝐴 = 𝑐2, 𝐵 = 0, 𝐶 = −1

Here 𝐵2 − 4𝐴𝐶 = 0 2 − 4 𝑐2 −1 = 4𝑐2 > 0

So, Wave equation (1) is Hyperbolic in nature.



Problem 3.
𝝏𝒖

𝝏𝒕
= 𝒄𝟐

𝝏𝟐𝒖

𝝏𝒙𝟐
[1D-Heat Equation]; 𝒄𝟐 is Diffusivity constant.

Solution. Given equ. is:    𝑐2 𝑢𝑥𝑥 − 𝑢𝑡 = 0 (1)

Comparing with: 𝐴𝑢𝑥𝑥 + 𝐵𝑢𝑥𝑡 + 𝐶𝑢𝑡𝑡 + 𝐷𝑢𝑥 + 𝐸𝑢𝑡 + 𝐹𝑢 = 0

We have 𝐴 = 𝑐2, 𝐵 = 0, 𝐶 = 0

Here 𝐵2 − 4𝐴𝐶 = 0 2 − 4 𝑐2 0 = 0

So, Heat equation (1) is Parabolic in nature. 



Problem 4. (𝟏 − 𝐲)
𝝏𝟐𝒖

𝝏𝒙𝟐
+ 𝟐𝒙

𝝏𝟐𝒖

𝝏𝒙𝝏𝒚
+ (𝟏 + 𝐲)

𝝏𝟐𝒖

𝝏𝒚𝟐
= 𝟎

Solution. Given equ. is:  (1 − 𝑦)𝑢𝑥𝑥+2𝑥𝑦𝑢𝑥𝑦 + (1 + 𝑦)𝑢𝑦𝑦 = 0 (1)

Comparing with: 𝐴𝑢𝑥𝑥 + 𝐵𝑢𝑥𝑦 + 𝐶𝑢𝑦𝑦 + 𝐷𝑢𝑥 + 𝐸𝑢𝑦 + 𝐹𝑢 = 0

We have 𝐴 = (1 − 𝑦), 𝐵 = 2𝑥, 𝐶 = (1 + 𝑦)

Here 𝐵2 − 4𝐴𝐶 = 2𝑥 2 − 4 1 − 𝑦 1 + 𝑦 = 4 𝑥2 + 𝑦2 − 1

So, equation (1) is:

Hyperbolic iff 𝑥2 + 𝑦2 − 1 > 0

Parabolic iff 𝑥2 + 𝑦2 − 1 = 0

Elliptic iff 𝑥2 + 𝑦2 − 1 < 0
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