MTH 166

Lecture-19

Separation of variables solution of
Partial Differential Equations




Topic:
Solution of Partial Differential Equations

L_earning Outcomes:

1. To solve first order PDE using separation of variables solution.

2. To find nature of Heat, Wave and Laplace equation.



Find the separation of variables solution of following PDE:
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Solution. The given equation IS: — = —

0x dy

Let solution be: u(x,y) = XY

Equation (1) becomes: X'Y = XY’
x" v

Taking these pairs one by one
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where X = f(x),Y = g(y)



> [~ dx =k [ dx
= logX = kx + ¢4
= X = e(kx+cy)

!

Y
also— =k
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Y’
= [Sdy=k/[dy
= logY =ky +c,
= Y = e(kytca)
Required solution is: u(x,y) = XY = elkx+ci)glky+cz) — olcatca) ok (x+y)

= u(x,y) = Ae**+Y)  Answer. (A = elerted))



Find the separation of variables solution of following PDE:

Problem 2. 4 + 3—y =0

Solution. The given equation is: 4— +3% =0 (1)

oy
Let solution be: u(x,y) = XY (2) whereX =f(x),Y =g()
ou / a_u _ /
a—XY and 6y_XY

Equation (1) becomes: 4X'Y +3XY' =0 = 4X'Y = -3XY’

4% =30 =k (say)
Taking these pairs one by one
= 4X7 =k



:>fX7,dx=§fdx

= logX = %x + ¢
k
= X = e(Zx+C1)
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= fY—’d =-%(d

Y Y 3 Y
= logY = —Sy + ¢,

k
= Y = e(—§y+C2)
k k 1 1

Required solution is: u(x,y) = XY = eGxrer) o(374e2) = plerven) gk Gr—3v)

k
= u(x,y) = AezB¥ ™) Answer. (A = e(c1tc2))



Find the separation of variables solution of following PDE:

Problem 3. yg—'; + xg—: =0

Solution. The given equation is: yZ—Z + xg—;‘ =0 (1)

Let solution be: u(x,y) = XY (2) whereX =f(x),Y =g()

Equation (1) becomes: yX'Y + xXY' =0 = yX'Y = —xXY'
1x' 1Y’

Taking these pairs one by one
1x'

>-—=k
x X



=>fX7’dx=kfxdx

2
= logX = kx?+cl

i
=>X=e( 2 Cl)
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Required solution is: u(x,y) = XY = e(k 2 +Cl)e( 5 +C2> = e(c1+c2) k(53

k
= u(x,y) = 4ez* ) Answer, (A = e(cr+e2)



Classification/Nature of Partial Differential Equations:

Let us consider a general second order homogeneous PDE:

0%u 0%u 0%u ou ou
Aﬁ_l'Baxay_l_Ca_yz-l_Da_l_E@_l_Fu_ 0 where u = f(x,y)
or
Auy, + Buy, + Cuyy, + Du, + Euy, + Fu =0 (1)

Equation (1) will be:

1. Hyperbolic iff (B> — 4AC) > 0
2. Parabolic iff (B — 4AC) =0
3. Elliptic iff (B2 — 4AC) < 0

Note: Coefficients of second order partial derivatives only decide nature of PDE.



Classify the following PDE as Hyperbolic, Parabolic or Elliptic:

Problem 1 0% + 0%u _ 0 [2D-Laplace Equation]
- dx%  9y?
Solution. Given equ. IS: Uy, + Uyy =0 (1)

Comparing with: Au,, + Buy,, + Cuy, + Du, + Eu, + Fu =0
WehaveA=1,B=0,C =1
Here (B% — 4AC) = (0)* —4(1)(1) =—-4<0

So, Laplace equation (1) is Elliptic in nature.



2

2
Problem 2. ZTZ = ¢2 37'2‘ [1D-Wave Equation]; c2 is Diffusivity constant.
Solution. Given equ. is: ¢ Uy, — U = 0 (1)

Comparing with: Au,., + Bu,; + Cus + Du, + Euy + Fu =20
We have A = ¢4, B =0,C = —1
Here (B% — 4AC) = (0)* — 4(c?)(—1) = 4c?* > 0

So, Wave equation (1) is Hyperbolic in nature.



2
Problem 3. % = c* 37'2‘ [1D-Heat Equation]; c¢? is Diffusivity constant.
Solution. Given equ. is: ¢ Uy, — U = 0 (1)

Comparing with: Au,., + Bu,; + Cus + Du, + Euy + Fu =20
We have A = ¢4, B =0, =0
Here (B% — 4AC) = (0)* — 4(c?)(0) =0

So, Heat equation (1) is Parabolic in nature.



92u

Problem4. (1 - y) Oy 252

dx? dxdy +(1+ Y)

Solution. Given equ. IS: (1 — Y)Uy,+2xYUyy, + (1 + Y)Uy, =0 (1)

Comparing with: Au,, + Buy,, + Cuy, + Du, + Eu, + Fu =0
WehaveA=(1—-vy),B=2x,C =(1+Yy)

Here (B2 —4AC) = (2x)? —4(1—y)(1 +y) = 4(x* + y?> — 1)
So, equation (1) is:

Hyperbolic iff (x> + y2 —1) > 0

Parabolic iff (x? +y?2 —1) =0

Elliptic iff (x? + y2 —1) <0
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